Gaussian beams and wave packets are formally equivalent to high-frequency solutions of the linear wave equation with complex-valued phase functions. The theory of weakly nonlinear high-frequency waves is extended in this paper to allow for complex phase solutions. The procedure is similar to nonlinear geometrical optics and the nonlinearity causes the phase to vary, leading to the development of weak shocks. However, unlike standard geometrical optics that describes the evolution of wave fronts, complex phase solutions correspond to Gaussian decay away from a central ray, and the associated curvatures are complex valued. Geometrical singularities due to caustics and loci do not occur, and the only singularities in the theory are purely nonlinear. The theory is developed specifically for nonlinear acoustic waves in a homogeneous inviscid fluid. The time taken for nonlinear singularities to develop is compared for a real spherical wave front and a Gaussian beam with Gaussian radius equal to the real radius of curvature of the wave front. The time to blowup for the Gaussian beam is intermediate between the shortest possible, which is for the converging wave front, and the longest possible, for the diverging front.
INTRODUCTION
Nonlinear acoustics of focused beams has been analyzed in depth over the past few decades, with most of the emphasis on the study of solutions to model equations such as the KZK equation. There is a particularly large literature on the subject within this journal, see for instance Refs. 1-3, and elsewhere, e.g., Refs. 4 and 5. An alternative approach is to start from the exact, underlying equations but to assume that the solution depends upon a small parameter and use appropriate asymptotic methods of analysis. This procedure is well developed for the evolution of high-frequency, weakly nonlinear waves. The basic mathematical methods were outlined by Choquet-Bruhat 6 with subsequent development by Hunter and Keller,* and independently by Parkertl These methods are closely related to the theory of acceleration waves, 9 and also to the linear theory of geometrical optics. m-12 The effects of refraction enter the weakly nonlinear theories through the rays of geometrical optics while nonlinear effects enter via the transport equation for the amplitude. In both the model equation approach, e.g., the KZK equation, and the weakly nonlinear methods, solutions can develop from initially continuous data into discontinuous solutions, or weak shocks. This is an inevitable consequence of nonlinear terms in the equations of motion and is displayed by both the unidirectional theory, such as the Burgers equations, and also by the more general theories which take refraction effects into account. Weakly nonlinear theories can also develop geometrical singularities associated with the convergence of rays at caustics. These are quite distinct from nonlinear effects, but signify a breakdown of the geometrical optics ansatz, and may be treated by boundary layer techniques. Hunter and Keller •3 have shown that the evolution of weakly nonlinear solutions is governed by linear theery near caustics, and hence there is no physical singularity associated with caustics, in contrast to the purely nonlinear generation of shocks.
The focus of this paper is on the development and generalization of the weakly nonlinear theory to account for not only the possibility of curved wave fronts but also the decay of the amplitude away from a central ray. The types of general solutions include, but are not restricted to, Gaussian beams and Gaussian wave packets, which have been discussed at great length as solutions to the linear equations of acoustics and elasticity. •*-t8 The motivation for the present work comes from previous work on the propagation of Gaussian beams and wave packets within the context of linear equations of motion. •s-•* In these references the beam and wave packets solutions were derived as asymptotic solutions in the sense of geometrical optics; not as solutions to a parabolic equation but as solutions to the standard eiconal and transport equations of hyperbolic wave equations. The point of departure with "standard" geometrical optics is that the phase function is allowed to be complex valued, with the result that the curvature matrix normally associated with curved wave fronts may be complex, yielding Gaussian decay about the central ray. The evolution and formal description of the solutions with complex phase is identical in many respects to the theory for curved wave fronts. There are some important differences, of course; one of the most significant being that the complex phase solutions do not exhibit the usual breakdown of geometrical optics solutions at caustics. This feature, which will be discussed later, means we do not need to provide boundary layer corrections near caustics, and it also means that the only singularities that arise are those associated with purely nonlinear effects.
As mentioned in the beginning, the present approach is quite distinct from that of many previous articles in this Journal dealing with the KZK equation, e.g., Refs. 
whereA o is a complex number of magnitude IAol = •< l, n is a unit vector, and c is the sound speed of infinitesimal waves c_2_ dp ,=
The initial disturbance (2) represents a wave that would propagate in the n direction according to standard linear acoustics. We are concerned with the evolution of initial wave profiles like (2) 
where 0 is a "fast" phase function that is related to the phase function •b of order unity by O= ß tq•(x',t') .
The remainder of this paper concentrates on developing solutions in the form of (6) and (7), subject to general initial conditions discussed later. For the moment we note that by necessity R (o>, V•o), etc., must be real-valued functions; however, the phase 0 may be complex depending upon the initial conditions. We will first consider the phase to be real valued, as this case corresponds closely to many previous treatments of weakly nonlinear waves, and defer until Sec.
III the possibility of 0 being complex valued.
II. REAL PHASE SOLUTIONS
The results of this section are essentially the same as those of Hunter and Keller, v but are necessary in order to develop the general theory for complex-valued phase functions in the next section.
A. The eiconal equation
Substitution of (6) and (7) 
where I is the identity, and Pl is a tensor that projects vectors onto the plane perpendicular to the ray direction n.
B. The transport equation
The next in the sequence of asymptotic equations is obtained by substituting (6) and (7) 
The unknown quantities R (• and V t" can be eliminated 
where ( 
E. Development of discontinuities and examples
Although the present theory is premised on the assumption that the solutions remain smooth, it may under certain circumstances predict the onset of a discontinuous solution. This is a purely nonlinear effect in contrast to the possibility of geometrical singularities associated with focusing in the linear theory, discussed above. The latter is an artifact of the asymptotic ansatz and may be corrected for, but the emergence of discontinuities indicates a significant change in the physical nature of the solution. The subsequent evolution of discontinuities can be analyzed by the theory of weak shocks. 7're't2 A discontinuity or weak shock will arise when (33) admits multivalued solutions. Therefore, the requirement for a shock is that there is a simultaneous solution to 
and if N is of order unity, then the two effects are intimately coupled.
III. COMPLEX PHASE SOLUTIONS
The formalism for real phase solutions is now generalized to allow the possibility that the phase is complex valued. This permits us to include Gaussian beam and wave packet solutions among the general class of weakly nonlinear highfrequency waves, and to discuss the development of shocks for these wave types.
A. Evolution equation for the complex phase
The types of solution discussed in Sec. II do not include solutions corresponding to initial conditions in the form of a localized Gaussian beam or Gaussian wave packet, i.e., initial data of the form (2) with Im D positive semi-definite or definite, respectively. We therefore generalize the ansatz (6) We consider •b and its complex conjugate • as independent variables, implying that the first set of equations reduces to (9), which gives the eiconal equation, and we again concentrate upon the root (10). The ray equations (12) and (13) follow once an initial phase 4•(x) is given, although (b must be such that the ray direction, V(1) (x), at x = x o is real. This is always true for Gaussian beams and Gaussian wave packets if xo is the central point. One could develop the present theory to include rays in complex space, as has been done over the past 20 years by numerous authors for the linear theory, but it will be assumed for simplicity that the ray is packets and beams remains localized about the moving central point i(•-) .
The other important conclusion to be drawn from the Appendix is that neither Gaussian wave packets nor Gaussian beams can develop the type of geometrical singularities common to real phase solutions, i.e., singularities associated with caustics and foci. This is a well-known result for Gaussian beams and may be explained in terms of real and complex rays. Real phase solutions propagate as a bundle of adjacent rays in real space, caustics and foci occurring when congruent rays coalesce at a point. Gaussian beams and wave packets, on the other hand, have only a single real ray associated with them, which is the central ray. The adjacent rays define curves in complex space and are accordingly called complex rays. They remain in complex space, and whether or not they form caustics in complex space, they cannot produce geometrical singularities in real space, the space in which the physical quantities are defined.
Transport equations similar to, but not quite the same as, (21) 
APPENDIX: PROPERTIES OF M FOR GAUSSIAN BEAM SOLUTIONS

